
theEistop- Jones Thorear G
Defr: G Klinian if GCPSL(2,=Isom(#3)

and G discrete.

G non-elementary if G has no fixed pts in 2H5 = &2

non-e .g : G = <z + xz), G parabolic

Def: ↑
G
=

.
01G .

0 let ofG

Fact : G non-elem .If Ingl > 3

if 1G uncountable

e

Defu : conical limit set NG is all X + S2
-

-

Sit 7 come C(x) = #3 and Egn]-G
St . guOEf(X) and guO-X .

Fact : G discrete -> G propodists: KEH3 crupt,

ISgeG :

genk +031-0.

exercise : gr=ht , g parabolic
& hhyp

= <gih] not properly
discts

.

L /COS sin)7 firrational not properly distso

Peth : critical exponent& of G is absicca of
convergence for

S

P(s) = = 2 /1 - 1901) Poincare series
geG



Defi fig if z c st . ** fig.-

exercise :

↓ 3 (0 , z) = log hence for IzkK

#Gkon
= PSL(2,C) discrete

,
neo

G = H dim N
G

Eg· picture where 1 has nontrivial Hausdorf dimension.

A eRecall
Hae) = inf : EEUB) , 1283-

j= 1

HLEl=im H

dincEl = inf[x : HalElEO]

Fact : E = El = dim (El = dim CE'l

& if I' = U
,Bjr,

) then so is E
,
so

Hae') Hacel .

them take limits & info
Al



If:

& he easy
direction

G

-

⑳
in y By =B Mcl

En
= EECHV/ Be inftly many Bg3

seethat ET0,

5+ E (5+2)

2 diam(g) = 11-1901)
gEG go G

ce

EnEU
B
, o

&H3(g0)N

8 + E
Z diam (Bg)4 -> O as N-P .

ger
d 3 10,gol >N

F 52o , 7 N large so that d (0,g0) >N =

diamBy
<5
,
so for -G

wehave shown

e
H henze Hr+ (Ful = 0.5 +/En)

= 0

G G

Then dimEm + E . exercise
G

Since NEM for M suff large , and
200 arbitrary
,-

we conclude
dim 1 JG



Eyz
Lottime

Thm: (Bishop-Jones)

Econ= PSC(, e) directe
,
mmm

then
J = H dim N
G

recall & critical exponent of poincare series
G

-

P(s) = = 2 /1 - 1901)"
geG

Alt defu : 12 =

3/imgnO
: UEgnO , ga+0]}

-

new

is a quasigeodesiay in the image of a

map: #3 suchthat

Ilt-sl - B < dy (4( ,(1) = A (t -sl +B .

Exercise
: verify this alternate definition

exercise I

1 Em for M suff . large-

using forthcoming content.



& dim Ma hard direction
G

Let E20 .

Let d = 5G

tree of orbit points
O

Go

~
.e(z)

= Vero
E = 22

gal
: E = 1p

and dimE, Jr-E

strategy construct e sit .

end
!

-

-
N(1 - 1z1)

Prop 1) wet(z) -> We Blz,

Prop 2) wothel =>

c

Prop 3) W . FW2t((z) => Blu , 2N/1-1WD)) -B(w2, in(1-1wzl)) =

Prop 4) I (1-101)
(5-22)

7 Co2(1 - 1z)
(5-22)

wet(z)



10 construction 30 justify EEM
2 o verify The properties 40

prove
Hdim E35-25

construction

Eni= G .
O

④ & (1-1z; 1)5-2 = - # r> 0 ,
E70.

C: - xot S2 st. jeN

17-Xokr j- E

If I is chosen so that
& /1-1zal)

=- .

nEIN

s2 with
En
accumulate on

S2 cover

⑮Exo such ahds radius t ·
Then

j finitely many
divergence= >

7 Xp s .t.

Z (1-17; 1)5-
"

= - (since G is discrete,
⑪

jeN hence acts

1zjXt properly discontinuously(

Now let to be
an

accumulation point of Xx

F r, - K large , IXK-YokE and t E so

so (E) -X1 = 1;
-Xok ~ .

T

Ther= =>① = D
.

G norelem = 7 goG st. X
,
= got Xo ·

Let Bi
= B(Xir) := 1 where w is small enough that

- good . rays
Vo
,
U
, w/ VittBi , Ko(00, 0 ,

) > 0 for some O

(This is just Euclidear geometry nowl

⑳
Bo

5- E

I 11-1zj1)
= i for i = 0, 1

exercise
-

ZjeBi



Property A
-

FNst . z0 => - good. ray U at
zctK (0

,
20 ,73) > E
,

U = B(z, N(l-1z1))
↑

proof can be
radius N(l

- (z1) replussed in
terms

⑧radius 1 - 1z1 of Groov product

: hyperbolic geometry exercise?
(Paulin)

PropertyB - Ke (1 , 6) st if Azer ,20

=
dczw], L

1:we
If > log2K ,

then 21 < et so

1We
L

=
Z

- L=e
Let Co = e?

Let An : EzeH3
: 2 = 1-1/I*y.

cli for i = 0, 1

5-22
= A ①

lim z (1 - 1zj))
n=0 zjtBinAn

Pf: Assume false .

Then FM st . Fr,

-

2 (1-11)5-25 M*-

ZgeBicAr



Them
6- 2

6- 2
-NThem z (i - 1zj))

=2 (i - 1zj))
1-1j) = 2

ZjeBi neIN ZjeBiuAn
5-22/1-1z;6)

*

=2 (i - 1zj))
neIN ZjeBiuAn

5 - 22 -nE

- Z (1-1zj1) 2
> 2
REIN zeBiutr

-

-[ M 270 so 22 = /

HEIN

[ A

Cur : ① imBi N

-
n- 2

exercise prove
this
-

Since G acts properly disctly
, A2 ,

7 B st.

& -
a

&
&

# G .onA)B .

W

&

↑

B

O

Y

-

M -

them write G .O as a
union of B seqs

(2)
, . . . .r

st . Entm, i ,
dein

,
ZimA.

Property
C Girm N , -A st. W ,Wzeth -/dynmLA,
-

B (w , 3N/1-In , 11) NB/W2 , 3N/1-121)) = &



last time o Go My3-

construction
-~

A

-

= Ver
n= 0

Eznz = G .
O

An = EzeH3
: - = 1-1)I

*

y.

7 Yo , X , = gX. * Xo and Bi = Bexir)
st.

5-22
= A

lim z (1 - 1zj))
n=0 zjtBinAn

Hence ↓
#EjeBinAn
-> s

-BiuAn
n-0

Im # z
,

= E

m(5-22)
n- 2

Continuing-

Since G acts properly disctly
, A2 ,

7 B st.

&

· ..::
· 1

# G .on o,A) <B .

W

↑

O

H13

them write G .O as a
union of B seqs

(2)
, . . . .r

i i
S .t . Antm, i , d(En, Em)

>A.

Property
c Girm N , -A st. W ,Wzeth -/dynmLA,

B (w , 3N/1-In , 11) NB/W2 , 3N/1-121)) = &



exercise : &2dazd (as long as Iw ; />,
solution:

&I30 , z) = log
~ dep on K)

-

= log(1zl + 1
- log(1-121)

121,12/>k then

log(k) < log(1z1 +1/ rl) log(vi)

Then

↓
H3

10 ,w) -C [dH(0 ,2) = dow)-c

where -log (1) + log 2 · El

Pf : of PropC . WitAn dyplow , 1 * do ,we)f -

-

lidea is to then make dyp(wi,we) A

by exercise
above.

large , forcing 4 (10,S , (0,]) >30
or

something loote requires them to be same annulus

↓3around OI
, which makes the

balls disjoint since they form a
definite⑧ ⑳ as .

⑳



claim for i =0, 1 7 VieEz3 = 6 .

0 assoc: to Xi
-

st
.

W, We e Vi >

B(w ,, 3N(1-1 .1)) - Blue ,
3N(1-wall) = &

and
·29livi

needed ?

↳ (1-1zj1)
zjtVi

↳
4

If Fix A as in Property C.
B

G . 0 =U seas pairwin dist
A

so disitness follows Prop C by taking V :
to be a subset of any

such
seq
ence Ezis

Pick V = Szk3nBin Ani
,
for some withd.

i = 0
,
1

see thatEn, .... En
*

budd distance

# zjeBinAn #zjeEzrnBirAn ;
T
maybe

some wiggling needed ,
not

Hence being optimallyareful
5-2E were

① In Z 11-1zj1) I W

htO zeSzInBinAn
hence Inst.

& 11-1z;
195-29 T Cot

ZjEV,

bk # # V: - 0 .



Note that by taking
m; large,

we can ensure zeV=> zeni
#

1-1z1 -" small => & 10,774 2log Co ·

#3 BI

Time to define t = Ven
-

by induction

- Di
to = 201 , 2 ,

= Vo

A-sep .

If z =go-In , 4,gVob ,
(,gV]) E

by
constructionof Vo

,
V
,

anda conformal.

Do Then 7 i t 50, 13 st

z= go 4z)(0 ,z]
,
(E,gVi]).

Also note :

#gio
dincogniza,

2 logCo
gV ,

Set[(z) : = go Vi,

and En+ 1 = V ((z) ·

Zeem

Remark : the construction
is not Grinvariant .

-

Now , we verifyProperties (1) -11.



Prop 1) wet(z) -> We Blz,
N(l-ll)

- I

Prop 2) wet(z) = Co:

If: By construction
, 4120 173 , 1zwi)

where O is given
in Property A&B.

1) now follows propA

2) follows Propi and that d(0,2) zlogC
as in

Prop 3) W . FW2t((z) => Blu , 2N (1-1wl)) -B(wz, in/1-Iwall) =

If: W
,Wit An: some -> diffs(Nynz) A-

conclusion follows property C.
#

Prop 4) z 11-1wl)
Co - 23

7 Co2 (1 - 12)
(5-2E)

wet(z)

Pf .
z (1-11)

5- 25

-

wee(z)

Z 5-23),N-2 <property2

wel(z)

52E2 (1-1215-22 #2(z)

= (1-121)6-22 #V: 20-25

and #Vi > 202/25-22 for i large A



Recall E = 22

claim : EE N

·I
S

!
If ze E

,
then - coty manynet

sit.

zeBlzn,In (1-1En/l)

Since & BCW , 2) : Welby generates the topology
on its for any

fixed -

Than
Prop . D = End Cone (2) Fn ,

and

each cover has the same angle.

Goal : comem
= come

m for n,m large Gr
- -(

alternatef If Enr * -(E) ,
then we saw

⑨ 4) (On J , (Em ,En]) .

and d(En
,En+1) 3 2 log do



O

&

2. zu

+
·

↳-
Cm : ULEnI Enrit is a quasi-geodesic , hence

by
the exercise

, ze In

localto glob dprinciple :
T

n+m

&= &H (Emitm)[((zi ,Zir) - (m-1) C
iin

hence > mc-Cm- 1) C .

Upper band"

n+m

↓ #3 An
, znrm) - [dzi

, Ziri) < mL/
i= n

by property 2 and exercise.

This is defa of queer good
.

A



Resume here↳
Now ,

the calculation with Harsdorf dimension.

"This is a standard argument
"

Dz := B(z , zw(1-121) n S2 ⑳
Let En = U Dz

zeen

: Enri -En

In particular,

=InG: ⑳

If
ofcm. i

Xt Dz for some zo Ent .
Ther

-

(x-z) < 2N(1-1z1) ·

Let zet(zl) for E'cen -

Then
by Property

1
, zeBlz' N(1-12').

Then 0-ineg =

Ix-z'l = IX-zl + 1z-z'l

- 2N(1-121) + N(1-12'l)

= In(t(1-1)) +NC-1') prop
= EN/1-121) ·

Thus XeDz'a
A



Fat : If 7 Borel M on Y stou(X) >0
anduCB(Xr1) [vS holds forsome 320 , #xeX

Then
Hdim(X)S

Define proba on E by UCEol = 1

If zee(z)-en
,

MINzlWell as
diamDzI radius of

wee(z)
- ball
L

J-2z I 5-25

Im: u(D = C(1-121) E C diam (Dzl

Pf by induction
on In.

First make Clarge enough that the base case is true.

see that c = (2N90-23c·

If true for z' , then

u(Dz) =

wee(z)
5-2E property 4

==
= C(1-1212

5-22 by
induction

A

= c (1-1z1)5-22



C: uCE) = 1

: En-En and M : Borel =

u(E) = n(nEr) = lime uCErl

Inductively

pairwise disjtulEn = [ u(Dz) 3
zee

, by Property
1

I Z & u((z)
z'ot zeece)n

I -

2

N wee(z)
z'eCaI 2

zen wee(z)

= u/En) pairwise dist by property
induction.

= 1



Im:D2 st
. DREFO,

5-2E

MCD) I diamD

The result follows the fact since M(E)
= 130.

Pf of clu :
-

Let Do-Dz for zetcu) where n is the smallest

value so that EDzuD#6 but DEDI

-
This is possible since radii shrinking and-

⑳ DrEff so e-ly many
DzvE + P .

De Let D
,
= Do where ze [Cu) -

-
So DoED, as we proved before.

W

By minimality of n ,
D = D
,

↓Then

5-22
u(D)[M(Dil = (diam(D.)

.
12 =

I(1-Iwi)

Note that

diamD .
= 2N/1-1wl) = IN(C(l-1217) by prop.

2

[C"diamDo diamDzErad

-



5-22 5-22

u(D) = ((2NC) (diamEDO)

Do disjt from other balls of same generation
by property 3.

: diam [Do =" diamD.

If If diamDI diamDo
·D = C"N(1-(z))

C'1

N(l- (z))
= N(l- (z1)

,

then WED

↓ (w, z) = d(w,X 1 +d(x, z)

[ N(l- (z)) + N(l-(z))
= zN(l -1z1)

=> we B(z
, zw(l-z1)) n S" = Dza

1

ihrs
,

5-2E

u(D)[ (diam EDol

(diamD(5-22

and the proof is complete. A



ItFrostman's Lemma

HNX) = inf 3 dianh : Uni ?X
in

dimp(x) = inf 9d : H
<⑳Y

[ = -

The ·dim(x) iff H*(x)30 ·

Take a cover I:

& (diam UilS = E rad /BNXi , diami : 1) S

[u (B(xi ,ri)
-u(X) > 0. M


