
A 0-1 law and cuspexcursion for

geometrically finite actions on Application(q)=+

-coarselyhyperbolic metri
as

⑪H1 : EXER : /x-Eq1>ets for O-ly many FQ
E = 0

8 I

3

IChinchir's Theorem1926 : ↑ : N-RR
-

monotone dear (maybe other hypotheses) . so far this X is in 3 of
these balls Will it be in

and-

t I 8

X

16
I

Let (4) : = EXE : /x-#T for ro-ly many such balls ?
T If 20 then the balls

Ther i-ly many FQ by Khinchin
:

get even smaller

I +(q)
= = DCH has full measure 24(q)=Egi=

c forThe

gEIN for 220

2 4(q)< = (H) has measure zero lunce
qEi ⑪ Ct2)

has foll measure for e
=o

E has measure zero for 20 ·

restrict to 10 , 13 to get a "O-1"law In our picture, with probability 1 , X is in

c-ly many balls of radius the



horoball packings for the hyperbolic 8
plane --

byexample

un horball packing (equivariant) i ·~ A H2 finite area

tiling of H2 P = Ecenters of horballs
inthe packing]

O Euclidean radius of the horball
u

I fixed original packing↑
up
=

centered at P
from a

Define horobal packing
?



Hp (r) = Shadow of the horball

centered at p with radius r .

⑳ #Dete
O Pi f = 1 =) no shrinking

in this case, a. e. x in co-y many
shadows.

shrinking, X may
no longer be

radius of shadow Hpcr ins
q = 1 =>

in O-ly many
shadows

is nor Thm : Cstratua-Velani, Sullivan (
-

[Khinchin-type TheoremI for small xI
I

· O : R
*
- IRT increasing II2) flam <<= ⑦Cs) has

/so that girl decr as r-0) neIN
Leb masure zero

=↳= c) has
· ⑰( = Exe2H2 : x+ Hp(recrp1)

Leb measure one

for corly many pop
3



-pplicationtowoexcursionSo neighborhood
thm (Stratmann-Velani , Sullivan)
-

of the cusp. .
[Logarithm Law] For a.e. EtS' ,

of shrinks neighborhoods. limsupdepth
(3
-t-p

if they stay the
"same size" (f = 1) ,

are. godic visits neighborhood co-ly

-E I
[

often. with Tiozzo , we generalize these

depth- To the setting of coursely hyp.E distance metric spaces
7

to boundary of and
geor

- fin · grp actions
original how batt Defu

-

def of Et : For functions fig :-> IR

3 ·

fig if - cst . on U,
length +

f - c = g
= f +c

· fig if - a st. on 1.

ig = f = c



wher (d) coursely,all : hyp metric spaces Il

triangles are tripods
/(
hyp

Nid) J-hyperbolic if Alt deta: dian(inner triangle-

X

* .
Z

&

&

d>gI- -z
- d(y ,z))

-(XdGromhyotyp
Note : for a tree

,
inner = pt

some Fact :
11 acodesics

e.g . trees are o-hyperbolic -
are Morse" meaning

i
d(x
, <y ,z]) &(d(X ,z)rd(x,y)

=: Gromor product
z < y,z]



(X ,d) hyp metric space
Defu:
-

fixo geodic rays based at 03 FixOXbal tradiusconteno
a

/ Horosphere = logr-

budd equir
examp le R2-

-

How to get horoball packing- I example #2 By isa limit

Defa Busemann functions X recover usual horballs

exercise I i in H2 :-

E
.

if o = i
,
3 = ① then

Be (x ,y)
: = d(X , z) - d(yiz)

eval. radius
of

X,y , zeX, ⑤ =g Hgcry =
Notice (Bzip/[dexy) .

O
for 32X , define In a hyp metric space By
&g(x,7)

: = limit Byi is not a limit

(exercise?) ladder is⑳ Is



In a hyp metric space By earties of Brsemann
is coarsely well-defined functions !

-

idea :
X

.

- W .
· 1-Lipshitz

exercist
- (Bg(x,y))

= d(x
,y)

-

choose to lie on

geodesins from X to 3

dist- In
away

O M-inv
want
Br<xy) Bundy Byg(8xy)

= Bg(x,y
seh

rat - (d(y ,Etn)-d(y ,well I
Prof

Bezi
+Bglyiz)

Y

1Bz(Xyl-Bya I · cocycle

= d (Etr , W+r) C By(y, z)
by defu

of2X

C is uniform by hyp of X
&

Pf : -
3

d (3, (t) , En(t))n + t -

- X- C·Ezen
&

: =2+ c + X
.-

Em



Def THg(r) = Shadow of Hgc Fact (Tukia, Yaman,
Bowditch)

-

classes It, , . . .,to
= [y2X suchthat & fin. many conjugacy

parabolic subgroups
some glod .

Oto M
intersects He Cr) 3

·

↑hyp relative to E,....&3
D (Recall ( Define properly discts-
↓ properly

discts non-elem geometrically Prp : (Borditch (& -

finite If every pt
in 1 is

↑ aX grom
- fin. => F quasi--inv,-

conical or badd parabolic.either
conical. pairwise disjoint, horoball packing

↑ convex cocompact if only of X EHpp1Ypep
,

and

Fromnow on
:

-

Assume ↑ < Isom X is
NA G - VHpp) cocompact

prop. discts ,
non-elem and I Defn :

Th

-T parabolicsubgp

I

-

acting grom fin.
on X

has mixedexponentialgrowth if

Nr = limit set = To 1ToEIX . 7 ait ,&
0 s .t. for+ 0,

Cr
= convex hall of Mr
.

BH(t) : It an
(t+1)

# &gett
: dlogoIt

e



understanding mixedexp -got
-

an
=o
= I

Exercise :
#A An

rank It

I·Recall Madeline's discussion 2

- 3=2
of the Groves -Manning cusp d

.(0, 01, 10,32)) 12x5 + 32425

space
:

= 11 < 32

Cay(Ful X = Cay (F2) U combinatorial horballs
d = induced metric by f

Fy - y....)Tha IG-M , Hruska-Heal for certainf
at btI of e = f(t) = e for some a, b>0

Them (X,d) a hyperbolic metric space# and ↑ = F2 acts geometrically finitely
exercise in that case, But f(z)-

can create mixed exp- growth or
anything -



Khinchin-typeTheorem where

= Khupge
: do

Let it
, ..., its be the finitely many

conjugation. Thm (B . - Tiond
where marzpi = T . pi Tipi = Pi

[Khinchin-type theorem]
next time

&

4efr : f : R
*
- ** Khinchin

a patterson-Sullivan measure
if of iner and I bis1, b,o

parabolic subgroups of N up
to

I&Docto

such that M mixed exp growth
f (b,x) byf(x)

any Khinchine function of
FXIRT (important only for small x /

(1) M(01) = 0 If Kill
Defin
- &

⑪ '() = &x +11
: x + 7p(((p)) for
o-ly many
pe piz For S = #3/ finite area,

khinchin series
- 2(5-Mi = 1

, Or t , an O
ni act

j T

Ki= zg(x) C-2logd(
+ 11

hence Ky(el
= [f(x)·

for i = 1, . . ., d
Kleinian (Bishop-Jones, Sullivan]

Or = Haus .dim In



Thm (B .

-Ti0220) Future results

[logarithm law] sameM . Efortor)
& = max Sti

For M-a . e . G+ 11 , subgroups[ I
conjngacy

filtrationbyea lic

limsup Espdepth(5) Appe lication+- 5 25-5)
-

end day
I by Benoist-Oh as in Blayne-Ihr,

Note: recovers #2 case, finte area I discreteparabolic-

Note: the 2C5r-o is coming
preserves strictly avX of witha'boundary

-

from the fine scaling properties => mixed exponential growth.

ofm . Thm applies to (-2 ,del Hilbert

Prior results metric if Grower hyperbolic-

· Sullivan/Stratmann-Velani geom. fin
↑ A HM

Growth condition is actually more-
· Paulin-Hersonsky Y Riem- pinched general for

the Khinchin-type

meg .
curvature and

at O Vi= 1, ...,d
theorem, but not for log

law.



Fix : Ky2 Hp(r)
= Ex+X : Bp(x)

= logr]
oh X non-elem, geom

. fin Bowditch F quasi-e-inv
(d) proper geodesic coarsely hyp norball packing [HpCp1Yye

stab
Let T
, ..., its be the finitely many (p) HpHp

parabolic subgroups of N up fo and
conjugation.

P = EPE1n parabolic f.p . s 3
↑mc(1)) UHpip)

cocompactly
For T's it, define

& : IR
*
-R

+
dear

,
" Khinchin

"

By , (t)
= Eyet' : dogol EtY .

⑪ (9) = & x +1p
: x + 7p(((p)) for

By(t) = eitigat
I
-

pe piz
it has mixedeepgrowth if o-ly many

kninchin series

Kyl
=

25-t
1

some O ,
odT. gla

M

C-2logd(r /
9
:

n + IN

some 02X1



Thm (B . - Tiono ⑰x
[Khinchin-type theorem] O

X

M#I=for any

(1) M(01) = 0 If Kill horballs

(2) M(Ox(41) = 1 if Kyle =2 d( No
, Cr-up Hprp) budd

=> -

cusp depth (X)
Thm (B .

-Ti0220)

[logarithm law] sameM .

p-p
= max diti[

= d(X
, C - vHp(rp))

For M-a . e . 3+ 11 : ud(x
, Mo) ·

El

d (Et, follimsup
+- 5 logt = 2-5)



Futureresults

Thm/coornaert( (Horton)

Briteit conjngacy
filtrationbyea lic

subgroups
for some of which we

M Growth condition is actually more-
call the critical exponent

general for
the Khinchin-type

Theorem
,

Thegoa: 25- is coming our proof of log law
from the fine scaling properties needs mixed

exp growth

-

ofm . I but I Madeline is generalizing
Prior results

· Sullivan/Stratmann-Velani geo. fin
↑ A HM

· Paulin-Hersonsky Y Riem- pinched
neg .

curvature and
at =O Vi= 1, ...,d



Appe lication-
Scertain relatively Anosov ver

recall S =#// means

Can study ↑ ↳ PSL(d, IR)
↑ ps(2, i)

anyhyp
↑ e

IIn some cases ,
natural P-inv

set in1RPA is Granov-hyp
has

Benoist-oh , Blayac-the
:

growth
mixed exp

many examples an to but

cannot realize any explicitly.

Kim-Oh : others noton GM-cuse



Patterson-Sullivan construction extraction , defin Patterson-S-1 livan
up to -
- * magne

from Didac My := lim MX , s
-

Recall the critdexponent ofThis
sy or

=limp I log :do when I is divergenttype

e .g. # Ed10, 80)
< th = et => F = 2

suppMx
= 1p

exercise of = absissa of convergence for I
P(o, X,5+ )

= 0

when ↑ is not divergent
->d(X, 80) which

↑ 10X ,5) : = Ze type
, modify of n

(first for X= 0 ,
then triangle ineg . )

does not change of

Defu measure on See that I compact K = X,

I
e-sd(x , Dol o MX,s(k)

+ 0

MX ,s I Do Sys
Ver-

Do P(0, 0,s)
andF openO /In

,

① MX ,s(0) = 0.

LetM : =

No.
· U20

①

·
. X

Uzo



Pfideas
I

h EV
, Bex is a

Erquasi-conformaldensity at 0
: /1 /KC for > or

·

UVx = Vux P-inv

G +Mx,s(A)
=My,s(gA)

· (3) -By wanf =

If arule

Thm:
-

- EnxExex Op-g .c. decity VorgAgro-A

Sullivan : Kleinian

VX
and

I
↑ (0,0,5) Cer gro

Patterson : Fuchsian
I
↓
& e-sdegxigUls (A)

Coornaert : non-elementary, I-salgygoea
proper, coarsely hyperbolic go

LetM := Mo
->

MgX



transf rule side bar :
- -

5= /im Uno Patterson-Sullivan current :

dMps(3,y) =

M= C
-<3 ,% du(31 dulp

e - sd(y, VolM

- s(d(X,00) -
Tmy fave current

m

C d(y,))
·

=

- E Bykyl I exercise Pr cocompact-

coarsely? e d
Mqs 15,41=x (11
on IR"E3=]

Fact = Liorville



Nothi shadow of a ball radius Cor: + 1 conical,
-

Or <x1y) = [E2X s .t . E geodesic
ther u((33) = 0

ray [X .
31 intersecting Pf : Un -> 3 comically

Bly ,r) . 3
-

d(X
, 0x)

+ 2 and

shadows generate topology on yX for a large , 30 Or(X, Unx)
hence

for fixed r.
- d(x

,8nx)

Sullivan's v( [33) = Ce -> 0

shadow Lemma ↑non-elem, Note does not work for parabolic-

XeXo [Mx3 5-q-, ~0 & fixed points
A z+z+ 1

↓
d(x,x H2

I

-

= ce
od(x , 0x)

I
-= ux(d- (,0x))

-
o Or (i , itr) for a suff . large



ifA shadow Learne (Roblint By quasi-p-invariance,

Pfi M(0- (x,ux)) =My(0P( +X , x)

M (U)
d(x ,y)

=zu = Bg(xy) = d(x iy)
and the transf rule ,

If a - ope co"x,x)I Since tux(3)

[ *i = You

-Lemma: Egedrixy) ,

I

I Sorexe dry (5)

dux()

d(x,y) = d(x , p)+ Ther 1-Lipschitz and Lemma =

d(y ,z) [d(z, p) + r =Gd(0"x,x)
So

[
d(x,z) - d(y ,z)
= d(X , p) + d(p ,z) - d(y , z) =o(diux ,x) -2)

try() ·-dexy) -rodeyit)-r-dlyz) .



ther
Er: Op-q .c. densities

* e2r -ad(x,x)/x1
equin. for convex cocompacte

completes the upper
bound.

For the lower boond, we have It Ex ,[v]
* >e-dxixux (0xx)) ux (Pr(x, ux) 12

E -
Prex) z

. rx (Orex,x))
How small
could #31p , 7 seg .

Und+ 3⑳ I conically again , sofn large

3 dr(x,
Unx) hence

()if r large,
use ping-pong -3 .

argument to showX ,70,02

open in 12 st . FyeX , areat

Oi ? Or cyx) · A



Fak#3 Cor: + 1 conical,

Latime (hm : typol
ther u((33) = 0

PfOr (x,y) = [32X s .t . E geodesic :
UnX -> 3 conically =

ray [X .
3) intersecting d(X

, 0x)
+ 2 and

Bly ,r) . 3
for a large , 30 Or(X, Unx)

hence

EMX3 xeX Patterson-Sullivan
- d(x

,8nx)
u([33) = Ce -> 0

shadow Lemma ↑ non-elem
,

Note does not work for parabolic-

-

de Xo EMx3 Op-g.C, ~
0 fixed points

A z+z+ 1
H2

I
↓

d(x,x

Sullivan's

= ce
od(x , 0x)

& I-= ux(d- (,0x))

when I connex cocompact,
J = Hausdim 1) (Patterson)
M
Remi Ricks , Gekhtman-Ma



Er: op-g .c. densities
Defe A = 1p is -inv if

equin. for convex cocompact N
YOP

,
SA = A .

If [M] Erh Defi : I is ergodic for MB2X-

ux (Pr(x,Ux)) ch if every P-invariant set has
it↓ - trivial u-measure , meaning

ch
. rx (Orex,x))

↓ 3 &

I is moll or co-null

#3Mp , 7 seg .
Uns -> 3

comically again ,
sofn large : If where I closed

3 dr(x,
Unx) hence

orbit for geodesic flow

()



Let see that My is also a g. c.

density
:

E: His ergodic
oato

* quasi-rinvariant
-

(Bl = i, (B)U+ MX

of of cor : z M(Anyz)
Assume AE1p is P -

z

My
18 An UB)

and u(A) > 0 · Then

-

(E) :=u (ErA)I I Mox(AuB)

I ux(8" (AnB)
define

=

Tp(B)



· transformation rule for ↑ grou
. fin,

open But

=imMt ITod
= lim (3nBgy'du(5)
n

My (Br1A)

->Byl

Then [Mx] , Eux] equivalent
hence x(A4 =Ex(A) = 0



Ne : y UHpirp)
Global shadow Lemmer/fluctuating usual shadow lem .

density theorem recover

-

Matsuzaki - Yabuki-Jaerisch :Sullivan, Stratman-Velari for hyp -
Paulin-Hersonsky , Schapira for reg, Patterson - Sullivan measure

awahre exists and is ergodic
B.Tiozzo
-

how is this
one <P6 from the&Fepin original

te:YUH
&Grd(,y) Net: say

Pfi d(o, y(z, d(y , to)
!

about upgrading
something now

= M(0r10,y) = e2-25
day, to)

from standard
->O as y

+Se2X/ shadow lemma
since oEn



Idea one piece of the argument
: where does

orbit growth core in

Credit for strategy to Schapira

= Stab 5
, 37 = pt dist . - or good [02)↑

Lemma
U

gat
gk"r" 0.105th

d10 ,90)3, It

&



it is super technical

Or (0,3) so let's just understand

Yo gk"r" & appreciate theStatement

O
d10 ,90)3, It

g
8 Dimepara an

Di A
·

↑1. y + 0- (0,3z)

t & d (0,g0) 7, It

G(03)



density M (8) = I evadogo + ot
Lemma-

get
dogon, It

choose K cmpt fundamental domain forT1533-

by grou
- finiteness

u(d(t)) = In (gk)
T gett

I d(0,gol
3. 2t

by key Lemma
note : no atoms !



= dyyg s
comehyptemma : #K= /p 1933 capt , By 19010larges

13 1 g5t) = dago) It # g5 = 5 prob :

density lemma follows
I

Observe : density lemma is where Bice
affects the

measure in a significant way

.



Talk4

The Khinchin Theorem

quasi-independence
The logarithm law



thm (B . : Tiozno ↑ A(X, d)
(4) = limsup Suld)g .f .

one If[Khinchin-type theorem]&
U UHp c-

M PS measure Then poPm(x)

bit=)-2logt +194 .

Then
for any Rhinchine function of z(5-#

(Y , D) measurespace AndY measurable are

K (9)
= z f(x

* (
M big(r)

(1) M(01) = 0 If Kill neI

Defu :
(2) M( #x(41) = 1 if Ky(l=& -

-

p -Pu(t)

min
Am = flip heads at step m

Define for 111 quasi-indep
if I cst . Auth,
-

Pm = [pe1p parabolic sit .
P(AnuAm) =C IP(An)PlAm)

Ye[X",x43 e.g . coin-tosses are exactly
independent

Sm = U H(rp An = flip heads at step
n

pictures②



Borel-Cantelli Lemma
- Let t = -log Orp .

② I IPCAN
=- and quasi-independence O (Pt)" = "(p(t)

=> IP(limsupAn) >0 .

⑧Quasi-independence Lemma eGrt= 0 rp
-

log(p)g
-

(B-T) The family [Su'l] d(pt,o) --logoHip-O

① I PlAnI< => 1P(limsupAn) = O

O

I -
ou

bid)

O

S quasi-independent.
Note: 0 = 1

A-
-

Hoballshadow lemma : Fix O ,
Defe : H

,
4) = App (p)

-

mfp(orp) = 215-b( Cor I"
Ap = Hp()

Pfi Pt on good (0 ,4)
p Ph(x),

z(an -Cn)u(d-(x , ++1) = migt
,
2) I amecom

jot -diptolb(d) all about thsame size-

=



Fixe Fn(t)

Let [(p
+ ) = [p-Pm() :

Lemme2 Hpt rip #03
-

Due u(Sn)~uctpl in I
- WLOG min

#Prm(Hp(e)
-On

Yang #Sn = # Prix
↳

mato
Lemma3 For any p

- Or, idea:
-

-

ulSu (m

-

cor1 ford and & = 1

I⑳If Lem 2
,
Yang,
i = 1

Cor2 :
-

Now ,
assume Sn nSm #0



if of quasi-independence
-

e(SunSm)
E I Z u)9++ (9)) subadditivity

PtPr pe [(p
*)

- E # ICp*)u(fp(e)) Cor 1

↑*Pr

- Z + u(p(y)) ppm Cor2

prePr u(p)

= (2 mcbee)) MeMISMla
prePu

wa
un

Lemma 2 Lemma 3

T



Ef: of Khinchin-type thm
To prove n (c) = 1

, by

ergodicity of m art P , it suffices

to show g + t, ⑪ (a) is almost
First
,

Lemmunal - Mine .

K(91[u(Sn) meaning: u(g0()ΔQ(4)) =0

NEI i.e. n(gO(e
= m(@)

Since #() = limsup So
by

Borel-Cantelli 0
E Khinchintheorem(1)

Fact : nergodic => almost -inv- sets have

Conversely Borel-Cantelli 6 trivial measure.

lemma I - E is obvious
+ quasi-independence Note :

=> M((+1) > 0 .

A ↑ -im

u(GA)=u(t)

Bubox(g) is almost

Nint. It



Logarithm Law The (B .-Tiozzo)
final oal : why

-

g u a.e . EEMp,
we stopped at
mixed exp.

and

everyone
else stopped limsup Notat exp. t+u

Y
"prove" log law , don't

verity the limsup exactly, understand
where these come

just identify the th seg also
& compute this limit

. from



"41" of logarithm law= fu , FEn50
st . [0 ,5) targent to

Let
1 + E

Y
(((0)

rpndCrpr)
or [95) .

-- z(5-d

fg() : = log(
= M i radiva

-

-

-ItE

to cancel
out in

I
HpnCrpefau"pul . Eth Ptofangeety

exercise off is Khinchine

E

215- Gi

Z

actiKy19)
=Ex( C-2logd(x'll

= log(x-r(
↑f · c-2)

*

(log(log xim ,
+5/26 claim :

den
,

Tol
-

n1+E
-

t-+D dolimsA-
↓

log(u
+1)
a

at 0
liusua

logtm

calculus exercise
↑ diverges if

E
=0 idea :

d15th, Pol = distance between horospheres-

and converges
if 230 .

maximized at
t = tr

ther mac .E, 10) ,
choose

maximal seg puel
so that

gloduic 10 .3) passes through Hppforpu
~

M

in order , and uputo pr monotone dear
.



Technical hyperbolicity Cemmas

dist
,Polo-log (Den "pull-

but h

IS L
IS It Em logtr- -

zop-

us

↑
not really close enoy

I
more on

this

If En > 20
some

2
,
then

120
,

↳ ①(a)
·
ButMoral

so we
can

choose &
sit.

Et ⑪ (ol but ge
⑪Ha

thus , In-0
and

-270 .

limsup = -in



additive costs

Lemma :
Lemma 2: ↓
-

-
-I S Em

th log firtilblogin ~

det
, Poly-log (Den "pull

idea : for any
<

cocompactness
= Str= closest

point projection

Hi
crph Mo budd

dist
of im

to (0 ,)

-Dietarget·How much from inner

Hpcrpc
"

CL11
I

11

from Hp(rp) · I
=

↳ It Em

= budd dist

↑
=

↓15t , Poln-log PerPr

intrition
: =

- log ((log)
-(c) (

-

horospheres
we

2

Bp10 , a ,
1 = -logp centered

at

#Er log loga"balsBp( %2)
=
- logpC cocycleoperty

Y - logth (L2)
(x1 ,x2)

=d(x,,Xz) zop-

&p(n , 01
+ Bp(0,x2)

= Ba

1 + Em Un .-

log up-logp-log Now takeapa
himsup [

2(p-n)
=
- logs - T



If En > 220
some

2
,
then

↳ ①(a)
.
ButMol -0 ,

so we
can

choose &
sit.

Et ⑪ (ol but ge
⑪Ha I

-200 .

Thus , In-o
and

the upper
bound follows . details

Lower bound End-

d 15tPol-log PerPr

=Er log logroa

upper

ItEr

mone

&log(loglogil
12213Etcl log Itn-log
=> limsup >Top-

En+ 0

A


